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1. (a) Let I be an ideal of a commutative ring R. Prove that ann(I) = {r €
R:ra=0Va € I} is an ideal of R.

Proof. Let x1, x5 € ann(I), r € R. Then, Va € I:
a(xy +x2) =axy +axa=0+0=0
and
a(rzy) =r(axy) =7(0) =0

21+ 2o € ann(l),rzy = xyr € ann(l) = ann(]) is a (two-sided)
ideal. O

(b) Let R =2/20z and I = {[n] € R: n is even}. Find ann(7).
We use the looser notation r = [r] € R.

ann(l) = {r € Z)20z: ra=0Va € I}

={r €Zhoz:ra=0Vac€{0,2,...,18}}
={reZhoz:ra=0 (mod 20)Va € {0,2,...,18}}
={re€Zkoz:20|raVac{0,2,...,18}}

Then ann(I) must be the ideal {0,10}, because no other elements

have exponent 2 in the additive group, and clearly 0a = 0 (mod 20),

10a =0 (mod 20) Va € {0,2,...,18}.

2. Find all the ideals of a field F'.
The trivial ideal {0} C F' is always an ideal.

Assume an ideal J C F' is non trivial. Let 0 £ j € J. Since F™* is a group
under product, Ir = j~! € R. Since J is an ideal, 1 = j7!'j = rj € R.
Then Vr e R, r(l) e J= RCJCR=J=R.

.. the only two ideals of F' are the trivial ideal and F itself.



