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1. Let G be a group. a € G, ¢, : G — G defined by c,(z) = azxa™!.
Then ¢, € Aut(G). Inn(G) = {e, : a € G} is a subgroup of G and
¢ : G — Aut(G) defined by ¢(a) = ¢, is a homo. Prove that:

(a) Z(G) = Ker ¢ where Z(G) is the center of .
Proof.
Kerp={a € G:yp(a)=¢}
={aeG:c¢c, =1}
={a € G:cyx) =Ig(z) YV € G}
={a€G:ara"! =2 V2 € G}
={a€G:ax =zxaVx € G}
=Z(Q)

O

(b) Inn(G) < Aut(G). (Out(G) := Aut(G)/mn(q) is called the outer auto-
morphism group.)

Proof. Let K = Inn(G), H = Aut(G). We show the result by
NOR1,ie., that tKoz = K Vx € H.

Let h=c, €InnG. xohox € xHxz~'. Then, Vy € G:
(zohox™)(y) = (zoh)(z™ ()

= w(az” ! (y)a™)

= z(a)z(z(y))x(a™) (2 is homo.)
= z(a)l(y)z(a™") (def. 2~1)
= (z(a))y(z(a)) ™" (z is homo.)
= Cz(a)(¥)

thus zohox € H= xHz ' C H. Since 271 € G, 27 'Hx C H =

H CazHz™ L.

SoHz™'=H. 0



2. Let H < G. Define Ny .= N(H) = {x € G: zHx~! = H}. Prove that:

(a)

xHxz~! is a subgroup of G.
Proof. Let a,b € xtHx~! C G. Then a = zhiz~', b = zhyx™! for
some hy, he € H, and
ab™! = (zhix™ ) (zhox™) !
= (zhiz™ V) (xhy ™ h)
= xhy(z 7 2)hy ta™!
= xhlhz_lafl

Since H is a group and thus closed under the group operation and
its inverse, h1h2_1 =hy € H,and ab™! = zhsz™ ' € xHa™ L.

s xHz ' <@. O

Ny = N(H) is a subgroup of G and H is a normal subgroup of
N(H) = Ny.

Proof. (Ng < G) Let a,b€ Ny C G. Clearly b=! € Ng as well since
bHb ' = H < H=>b"'Hb. Then aH = Haand b"'H = Hb~!, and

(ab™")H = (aH)(b"'H) (def. product of normal subgroups)
= (Ha)(Hb™") (a,b~' € Ng)
= H(ab™) (def. product of normal subgroups)

Thus (ab~ ) H(ab~1)"' = H = ab~! € Ny.

Proof. (H < Ng) H is a group by hypothesis. If h € H C G, then
hHh™! = (hH)h™' = Hh™! = H = h € Ny = H C Ny. Thus
H < Ng.

H is normal in Ny by definition of Ng, since Vo € Ny C G,
rHr~! = H (NOR1). O

Proof. By NOR1, we have Ny <G < xHx~! = H Vz € G. This
proves the claim both ways.

(=) Let H <G. Then we have ztHz~! = 2 Vo € G. Thus the condi-
tion for Ny is satisfied Vo € G, so Ny = G.

(<) Let Ny = G. Then xtHz ' = H Yz € Ny = G = H<G. O



