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THE RUBIK’S PERMUTATION GROUP
(G, · )
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{ F, B, U, D, L, R,
F·B, F·U, F·D,

… 
D·L·B·B·L·R·D·F, D·L·B·B·L·R·D·B,

… 
B·B·B·F·F·F·R·R·B·B·D·D·U·U·R·R·R·B·L·U·
R·R·R·F·B·R·R·R·F·B·B·R·R·F·F·F·U·U·U·B·B

, … }
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an intro to

GROUP THEORY
with the Rubik’s cube

by jonlam
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NOTICE
This falls under abstract algebra, a part of 
mathematics unfamiliar to us. I understand very 
little and am going to try to cover much 
information in little time. If anything is unclear, 
please ask right away. I’ll try my best to answer.



WHAT IS A GROUP?
A group is the combination of a set and a group law that obey the group 
axioms.
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A group is the combination of a set and a group law that obey the group 
axioms.

SET: a list of elements
ℙ = { 2, 3, 5, 7, 11, … }
Z = { … -3, -2, -1, 0, 1, 2, 3, … }

GROUP LAW: a binary operation (acts on two elements of a set a and b):
a + b
a mod b
Generic notation: a * b
(looks like multiplication, because multiplication is an example of a group!)

WHAT IS A GROUP?
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GROUP AXIOMS
CLOSURE: applying the operation to two elements of the set produces 
another element of the set
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GROUP AXIOMS
CLOSURE: applying the operation to two elements of the set produces 
another element of the set

ASSOCIATIVITY: different groupings of elements do not change the result 
(don’t confuse with commutativity!)

IDENTITY ELEMENT: there is a unique “identity” element e in the set that 
results in the other operand when the operation is performed

INVERSE ELEMENT: for every element a in a group, there is an inverse 
element b in the set such that a * b = e
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EXAMPLE: ADDITION OVER INTEGERS
GROUP: (Z, +)
SET: Z,
GROUP RULE: +

CLOSURE: adding two integers results in an integer

ASSOCIATIVITY: grouping of addition doesn’t affect the result

IDENTITY ELEMENT: the identity is the unique element 0 (a + 0 = a)

INVERSE ELEMENT: the inverse of an element a is -a (a + (-a) = 0)
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then... 

WHY STUDY AND FORMALIZE GROUPS?
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“Group theory studies symmetry. There are symmetries everywhere.

Not only is there is symmetry in everyday life, there are symmetries in 
molecules, physical laws, crystals, formulae, music, and so forth. The 
symmetries get increasingly complicated, and an understanding of the 
symmetries gives insight into real properties of these objects.

I want to note that group theory studies symmetry in the very broad sense 
of "reversible transformations that preserve some kind of structure". 
While being reflected in a mirror and remaining unchanged is the usual idea 
of symmetry, swapping x and y in x3+y3+z3 is also symmetry in this broader 
sense, as is transposing a piece of music a half-step down.”

Source: Yasha Berchenko-Kogan, Math postdoc (Quora answer to “What is the point of group theory?”)
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EXAMPLE: TURNS OVER THE RUBIK’S CUBE
GROUP: (G, ·)
SET: G,
GROUP RULE: · (composition)

CLOSURE: performing moves one after another results in another move

ASSOCIATIVITY: grouping of symmetries doesn’t affect the result

IDENTITY ELEMENT: the identity is the empty permutation E (no moves)

INVERSE ELEMENT: the inverse of an element a is the reverse permutation, 
denoted a’
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A MORE PRECISE SET: G = { ( v, r, w, s ) | v ∈ C3
7, r ∈ S8, w ∈ C2

10, s ∈ S12 }
where: v is the orientations of the corner cubies

r is the permutations of the corner cubies
w is the orientations of the edge cubies
s is the permutations of the edge cubies

EXAMPLE: RUBIK’S CUBE (extended)
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A MORE PRECISE SET: G = { ( v, r, w, s ) | v ∈ C3
7, r ∈ S8, w ∈ C2

10, s ∈ S12 }
where: v is the orientations of the corner cubies

r is the permutations of the corner cubies
w is the orientations of the edge cubies
s is the permutations of the edge cubies

Example: Superflip
v = (1)(2)(3)(4)(5)(6)(7) r = (0, 0, 0, 0, 0, 0, 0, 0)
w = (1)(2)(3)(4)(5)(6)…(11) s = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)

EXAMPLE: RUBIK’S CUBE (extended)
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A MORE PRECISE SET: G = { ( v, r, w, s ) | v ∈ C3
7, r ∈ S8, w ∈ C2

10, s ∈ S12 }
where: v is the orientations of the corner cubies

r is the permutations of the corner cubies
w is the orientations of the edge cubies
s is the permutations of the edge cubies

Example: Random scramble
v = (1423)(587)(6) r = (0, 1, 1, 0, 2, 1, 0, 2)
w = (1 12 5 7)(6 3 2 4) … s = (1, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 0)

EXAMPLE: RUBIK’S CUBE (extended)

 ? . 
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A MORE PRECISE SET: G = { ( v, r, w, s ) | v ∈ C3
7, r ∈ S8, w ∈ C2

10, s ∈ S12 }
where: v is the orientations of the corner cubies

r is the permutations of the corner cubies
w is the orientations of the edge cubies
s is the permutations of the edge cubies

● The cardinality (order) of a group, denoted |G|, is the length of its set
○ |G|= 43,252,003,274,489,856,000 = (12! * 211 * 8! * 37) / 2
○ Cardinalities for sets can be finite or transfinite

EXAMPLE: RUBIK’S CUBE (extended)
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● The order of an element is how many times the group rule is applied to 
itself to attain the identity element

○ E.g.: U’·R’·U·R has order 6, because it takes six times to get back to E
○ E.g.: E has order 1 by definition

EXAMPLE: RUBIK’S CUBE (extended)
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● The order of an element is how many times the group rule is applied to 
itself to attain the identity element

○ E.g.: U’·R’·U·R has order 6, because it takes six times to get back to E
○ E.g.: E has order 1 by definition

● A subgroup SS of a group S is a group such that every element of Ss’s set 
exists in S’s set

○ E.g.: The permutation subgroup CP changes positions of cubies but maintains orientations
○ E.g.: The orientation subgroup CO changes orientation of cubies but maintains positions
○ E.g.: The Rubik’s cube group G is a subgroup of the symmetry group S48

EXAMPLE: RUBIK’S CUBE (extended)
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EXAMPLES OF GROUP APPLICATIONS
Model / Associate mathematical objects with groups, then study the properties 
of the groups.

● Permutation groups → polynomials, combinatorics, puzzles
● Lie groups → mechanical laws of physics
● Galois groups → solvability of higher-order polynomials
● the Fundamental group → mathematical topology
● Geometric group theory → algebraic geometry, number theory
● Computational group theory → cryptography, algorithmic approaches

jonlam



RECENT / CURRENT ACTIVITY
● The classification of finite simple groups (i.e., groups that are finite and 

cannot be broken down into smaller groups), until 2004.
● Used to model and advance the knowledge in:

○ computer graphics
○ cryptography (multiplicative group modulo n in RSA)
○ elementary particle physics
○ the Standard Model
○ special relativity
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THANKS FOR WATCHING!

  U·R’·U’·U2·R’· … 
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